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Abstract 

Motivated by Ruf-Sani's recent work, we prove an Adams type inequality and a singular Adams 
type inequality in the whole four dimensional Euclidean space. As applications of those inequal- 
ities, a class of elliptic partial differential equations are considered. Existence of nontrivial weak 
solutions and multiplicity results are obtained via the mountain-pass theorem and the Ekeland's 
variational principle. This is a continuation of our previous work about singular Trudinger-Moser 
type inequality. 
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1. Introduction and main results 

Let Q c R" be a smooth bounded domain. The classical Trudinger-Moser inequality II261I29 
[36I1 says 

sup r e"l"l'^d/jt: < 00 (1.1) 

»EH'^-"(n),llv«|ii„,.Q,<i 

for all a < a„ = n(jj^J}"^^\ where (y„_i is the area of the unit sphere in W. (II. Il l is sharp in the 
sense that for any a > a„, the integrals in (II. Il l are still finite, but the supremum of the integrals 
are infinite. (II. lb plays an essential role in the study of the following partial differential equations 

f -divdVwr^VM) = /(;c,m) in Q 

[ u e wl'"(n) \ m, 

where, roughly speaking, f(x, u) behaves like gl"! """ " as \u\ 00. Problem (11.21 1 and similar 
problems were studied by many authors. Here we mention Atkinson-Peletier L 1 Ql . Carleson- 
Chang iH], Adimurthi et al. p-||3l, de Figueiredo-Miyagaki-RufjQ, Panda ^BA- M. do 6 



|[li], de Figueiredo-do 6-Ruf fl?], Silva-Soares |l33t], Yang-Zhao imdo 6- Yang IM. Lam-Lu 
II23II and the references therein. 
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When Q - M", the integrals in dl.lb are infinite. To get a Trudinger-Moser type inequality in 
this case, D. Cao 1 1 1] proposed the following: Va < An, VM > 0, 



sup 

J^2 |V«|-rfA-<l, jr,2 u-dx<M • 



r JM- 

which is equivalent to saying that for any t > and a < An, 

sup r [e'"''-l)dx 



dx < oo. 



< oo. 



(1.3) 



(1.4) 



Xj2(|V«P+T«2)^i 



(11.31 ) was independently generalized by Panda |27] and J. M. do 6 ifisll to «-dimensional case. 
Later Adachi and Tanaka f?] gave another type of generalization. ( 11.3b and its high dimensional 
generahzations were extensively used to study the equation 

-divdVMr^^VM) + V{x)\u\"-^u = fix, u) in R", 

where f{x, u) behaves like e"l"l"' as \u\ — > oo. See for examples 10, IJ., 15, 18, 271. 

Notice that ( 11.31 ) or (11.41 1 is a subcritical Trudinger-Moser type inequality in the whole Eu- 
clidean space. While the critical inequality was obtained by B. Ruf |31] in dimension two and 
Li-Ruf ll2411 in general dimension. Using a simple variable substitution, Adimurthi-Sandeep 

established a singular Trudinger-Moser inequality, which is generalized to the whole M" by 
Adimurthi-Yang [SJ, namely 



sup I 

u\"+T\u\")dx<\ -JV." 



\x\p 



-dx < oo. 



(1.5) 



where Q < p < n, a I a„ + /3/n < 1, t is any fixed positive real number. When jS = and r = 1, 
( 11.51 ) is the standard critical Trudinger-Moser type inequality 1 24, 31]. In we also employed 
( 11.51 ) to obtain existence of weak solutions to the equation 

-divdVwr-^VM) + V(x)\u\"-\ = + eh in M", 

\x\P 

where f{x, u) behaves like g"!"!""" " as \u\ — > oo, e > 0, /z belongs to the dual space of W^'"{W^). 
Similar problems were also studied by J. M. do 6 and M. de Souza UtIi in the case n -2. 

Our aim is to derive similar results to [8] for bi-Laplacian operator in dimension four The 
essential tool will be the Adams type inequality in the whole M.^. Let Q c R'* be a smooth 
bounded domain. As a generahzation of the Trudinger-Moser inequality, Adams inequality 
reads 

(1.6) 



sup r e^^'''"'dx 



< oo. 



This inequality was extended by Tasi Il34ll (see also Theorem 3.1 in 113211 '). namely 



sup 

2 



u\^dx<\ 



dx < oo. 



(1.7) 



Also the integrals in (II.6I 1 will be infinite when Q is replaced by the whole W^. But B. Ruf and F. 
Sani 1,3 21] were able to establish the corresponding Adams type inequality in M'*, say 



Theorem A (Ruf-Sani). There holds 

j 



sup ( (e^^"""' -\)dx<oo. (1.8) 

Furthermore this inequality is sharp, i.e. ifiln^ is replaced by any a > 32;r^, then the supremum 
is infinite. 



In fact they obtained more in 03211 . but here we focus on four dimensional case. Noticing that for 
all u e W^'^iW^) 

I (-Am + ufdx = I (\Auf + 2|Vm|^ + u^)dx, 

one can rewrite (II.8I 1 as 

sup r (e^^"'"' -\)dx<oo. (1.9) 

ueW^--(K^), /j,4(|AK|-+2|Vi(p+i,2yA-<l 

One of our goals is the following: 
Theorem 1.1. Lef < /? < 4. Then for all a > Q and u e W^-^-{M.*), there holds 

r e""' - 1 

——dx<^. (1.10) 

Furthermore, assume t and cr are two positive constants, we have for all a < 327r^ (l ~ f). 

r e""' - 1 

we (R1), (I A«p +t| V«|-+o-«- )dx< 1 

When a > Sln^ (l — j^, the supremum is infinite. 



r e' 

sup dx< oo. (1.11) 

Jr* \xf 



We remark that the inequality (II. lib in Theorem 1 . 1 is only subcritical case. How to establish 
it in the critical case a - 327r^ (1 - /3/4) is still open. In Section 2, we will show that Theorem 
1 . 1 can be derived from the following: 



Theorem 1.2. For alla>0 and u e W^'^(R'^), there holds 

)dx<oo. (1.12) 

For all constants t > and cr > 0, there holds 



r (.™^-i). 



«e»'2-2(M4),/j,4(|A, 



sup r {e^^"'"^ -\)dx<oc. (1.13) 



Furthermore this inequality is sharp, i.e. if32n is replaced by any a > 3271, then the supremum 
is infinite. 

Though the second part of Theorem 1 .2 is similar to Theorem A, ( 11.121 ) and ( 11.131 ) are more 
suitable to use than ( 11.8b or ( 11.9b when considering the related partial differential equations. 
This is also our next goal. Precisely Theorem 1 . 1 can be applied to study the existence of weak 
solutions to the following nonlinear equation 

A^M - div(fl(jt;)VM) + b(x)u = + eh(x) in M.^. ;^4) 

Here and throughout this paper we assume < j8 < 4, a{x), b{x) are two continuous functions 
satisfying 

(Ai) there exist two positive constants ao and bo such that aix) > ao and bix) > bo for all x e W^; 

(A2)5^6L'(K^ 

We also assume the following growth condition on the nonlinearity f(x, s): 

(Hi) There exist constants ao,b\,b2 > and y > 1 such that for all (x, i) e R"^ x R, 

\f{x,s)\<bM+b2\sV{e"'''" -I). 
{H2) There exists /i > 2 such that for all jc e R'* and s i^Q, 

< fiFix, s) = idf fix, t)dt < sfix, s). 
Jo 

(7/3) There exist constants Ro, Mq > such that for all jc e R^ and |^| > Ro, 

< F{x, s) < Mo\f{x, s)\. 

Define a function space 

E^\^eW^'^{B.^): J {\Au\^+a(x)\Vu\^ + b(x)u^)dx<ocY (1.15) 
We say that m e £ is a weak solution of problem ( 11.14b if for all 1^ e £ we have 

r r f(x,u) r 

I (AuA(p + a(x)VuV(p + b(x)u(p)dx — | ■ — ipdx + € | h<pdx, 

where h e E*. Here and in the sequel we denote the dual space of E hy E*. For all u e E, we 
denote for simplicity the norm of u by 

1/2 



I|m||£ = |J" [\Au\^+a(x)\Vu\^ + b(x)u^)dx'^ . (1.16) 



For y6 : < j6 < 4, we define a singular eigenvalue by 



llMlli 

Af!= inf (1.17) 
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If yS = 0, then by (Ai), obviously we have > > 0. If < yS < 4, the continuous embedding 
of W^'^iW^) ^ L''(M'*) (V^ > 2) together with the Holder inequality implies 

where 1/f + 1/f' = 1, < ySf' < 4 and ||m||^2.2(r4) = (l^^Mp + |VmP + u^'jdx. Standard elliptic 
estimates (see for example ^2^, Chapter 9) imply that the above W^'^(IR^)-norm is equivalent to 

|M|^,2(R4) = Jj^J|AM|2 + |VM|2+M2)t/xj . (1.19) 

In the sequel, we use ( 11.191 ) as the norm of function in W^-^iW^). Combining (II.I6I 1, ( II.I8I 1, (11.191 1 
and the assumption (Ai), we have ^4 j^^dx < C||m|||. Hence, by ( ll.lVl i. we conclude Ap > 0. 

When e = 0, ( 11.141 ) becomes 

A^u - div(a(x)VM) + b(x)u = (1-20) 
Now we state an application of Theorem 1.1 as follows: 

Theorem 1.3. Assume that a{x) and b(x) are two continuous functions satisfying (Ai) and (A2). 
/ : M'* X M — » R /i fl continuous function and the hypothesis (Hi), (H2) and (Hj) hold. Further- 
more we assume 

(H4) limsup^^o < uniformly with respect to x e R'*; 

(Hs) liminf 5^+00 sf(x, i)e"""*' = +00 uniformly with respect to x e R"*. 

Then the equation ( 17.201 ) has a nontrivial mountain-pass type weak solution u e E. 

We remark that the result in Theorem 1.3 is stronger than Theorem 1.2 of [8] in the case 
e = 0. One reason is that E is compactly embedded in L'?(R^) for all <7 > 1 (see Lemma 3.6 
below), but E is compactly embedded in U'{R^) for all ^ > under the assumptions in [8J. The 
other reason is that here we have the additional assumption (i/5). 

When e 0, we have the following: 

Theorem 1.4. Assume that a(x) and b{x) are two continuous functions satisfying (Ai) and (A2). 
/ : R"* X R — > R ii fl continuous function and the hypothesis {H\), (H2) and (i/3) hold. Further- 
more we assume (H4). Then there exists ei > such that ifO<£<ei, then the problem il.Mi 
has a weak solution of mountain-pass type. 

Theorem 1.5. Assume that a(x) and b(x) are two continuous functions satisfying (Ai) and (A2). 
/ : R"* X R ^ R ;s fl continuous function and the hypothesis (Hi), (H2) and (H4) hold. Further- 
more assume h ^ 0. Then there exists ^2 > such that if0<e<e2, then the problem lil.Mi has 

5 



a weak solution with negative energy. 

The most interesting question is that under what conditions the two solutions obtained in 
Theorem 1.4 and Theorem 1.5 are distinct. Precisely we have the following: 

Theorem 1.6. Assume that a{x) and b(x) are two continuous functions satisfying (Ai) and (A2). 
/ : X M ^ M is fl continuous function and the hypothesis (Hi), (H2), (Hj,), {H4) and (H^) 
hold. Furthermore assume h t 0. Then there exists £3 > such that if < e < 63, then the 
problem il.Mi has two distinct weak solutions. 

Before ending the introduction, we give an example of f{x, s) satisfying (Hi) - (H5), say 



where ao > and tl/(x) is a continuous function with < ci < < C2 for constants ci and C2. 
Obviously (Hi) is satisfied. Integrating (ll.21l i. we have 



Hence (H2) holds. It follows from (fTITT i and OS that < F(x, s) < ^J{x, s) for |5| > 1. 
Thus {H^) is satisfied. By ( 11.221 ). we have Fix, — > as i — > 0. Hence (H/i) holds. Finally 
(i/5) follows from (11.21b immediately. 

We organize this paper as follows: In Section 2, we prove an Adams type inequality and a 
singular Adams type inequality in the whole M"^ (Theorem 1.1 and Theorem 1.2). Applications 
of singular Adams inequality (Theorems 1.3-1.6) will be shown in Section 3. 

2. Adams type inequality in the whole R"* 

In this section, we will prove Theorem 1.1 and Theorem 1.2. Let us first prove Theorem 1.2 
by using the density of C~(M'*) in W^'^(R'*) and an argument of Ruf-Sani Ii32l1 . 

Proof of Theorem 1.2. Firstly we prove (11.13) . Vr > 0, cr > 0, we denote co = min{T/2, ^[o■]. 
Let M be a function belonging to W^'^(R"^) and satisfying 



fix, s) = ^ix)sie'"''' - 1), 



(1.21) 




(1.22) 



For 2 < < 4, we have for s + 0, 





or equivalently 
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By the density of C^CM"*) in W^'^{M.'^), without loss of generality, we can find a sequence of 
functions e C,^(R'*) such that Uk ^ u\n W^-^iM.*) as ^ — > oo and ^^{-lS.Uk + CQUkf'dx — 1. 
For otherwise we can use 

Uk 



1/2 



instead of m^.. Now suppose suppM^ c Br^ for any fixed k. Let - -Au^ + com*- Consider the 
problem 

I -Av'A. + CQVk = // in Br,, 
I V, e W,;-'(Br,), 



where is the Schwarz decreasing rearrangement of (see for example 112111 '). By the property 
of rearrangement, we have 



(-Avic + coVk) dx - I (-Auk + CQUk) dx — \ . 



It follows from Trombetti- Vazquez 113511 that is radially symmetric and 



j 

J Bp 



(e'^"-'"^- - \)dx ^ I -l)dx< I (e^^"'"'' - l)dx. 



The radial lemma ( Il22ll . Lemma LI, Chapter 6) implies 

1 1 



The equality ( 12.11 ) implies that 



I|VA:|Iw1.2(K4) - 



j 

Jb» 



1/2 



(2.1) 



(2.2) 



(2.3) 



(2.4) 



^0 



Choose ro = (5^ (2^ + ■ If ^* ^ '"0, then ( fL7b and (|23) imply 



(2.5) 



for some constant C depending only on cq. If Rk > ro, i2.3i implies that \vk(x)\ < 1 when \x\ > fq. 
Thus we have by ( 12.11 ). 



On Mrg, we have for any e > by using the Young inequality 

vl(x) < (1 + e)(v,(x) - Vk(ro)f + (l + - I v,^(n)) 



1 (32ny 



(2.6) 



Take e such that 

1 



1 +e 

It follows that 

1.1 



\Avk\ dx — I - 2co I |Vv,t| dx - Cq I v^dx 



' 2co IVv.pfl'x + cl vldx min{2co, c2)||v*|p^„ " 

This together with (I2.3l i and (I2.4l i gives 

1\ , 11 1 
1 + - v2(ro) < — ^— - - ^ < 1 



e 



min{2co, c^) In^r^ inin{2co, cf,) (^1^ + J^J 



Notice that Vi(x) - v,(ro) e H'2,2(b^.j n H^.J-'CB,,) and /^^^ lAv.pJx > \A(vk - vt(ro))\^dx, we 
obtain by (ll.7l l 



) 

for some constant C depending only on cq. This together with ( I2.2l i. (I2.5l l. (I2.6l l and Fatou's 
Lemma implies that there exists a constant C depending only on cq such that 

r (e32^'«'-l)t/;c<liminf f (e^^'^'"' - l)rfx < liminf f (e^^'^^'i - l)dx < C. (2.7) 
Notice that 

X(|Am|^ + t|Vm|^ + <TU^)dx > I (-Am + cou)^dx. 



We obtain 



sup r (e^^^'"' - l)t/;c < sup f [e^^"'"' - l)dx 



sup r (e32;rV_j^^^ 



This together with (I2.7l i implies ( 11.131 1. 

Secondly, for a > 32:7r^, we employ a sequence of functions constructed in Section 2 of 

ill?] (see also (33) in |32]). Let - m^/ (Jg^dAM^p + t|VmjP + o-ul)dx^^'^. A straightforwai'd 
calculation shows that 

sup r [e^^"'"' -l)dx> f (e^2;r^^-l)t/x^+oo 

as e — > 0. Hence 32;7r^ is the best constant for ( 11.13b . 

Thirdly we prove (11.12b . Let a > be a real number and m be a function belonging to 
W^-^(W^). By the density of C^(W^) in ^^•^(R'*), there exists some mq € C^(W^) such that 

1 

\\U - Mo||iy2.2(R4) < 



V2a 
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Here we use ( fTTgl l as the definition of W^'H^'^) -norm. Thus 



r (iA(«- 



Mo)l^ + |V(m - Mo)|^ + (m - UQ)^)dx < — . 

2a 



Assume suppwo c Br for some R > and \uo\ < M for some M > 0. Using the inequality 
(a + bf < 2a^ + 2b^, we have 

< e^'^' f {e^"^"-"°'>' -l)dx+ f (e2™o-l)t/jc 

Je* Jr" 

< e^^M^ f (e^^-^"-""'' - + 1)|Br|, (2.8) 
where |B«| denotes the volume of B^. By ( 11.131 ) with r = 1 and cr - 1, we have 

for some universal constant C. Thus ( I1.12l i follows from ( I2.8l l immediately. □ 

Now we use the Holder inequality and Theorem 1.2 to prove Theorem 1.1. To do this, we 
need a technical lemma, namely 

Lemma 2.1. For all p>\ and t > 1, we have (t- 1)'' < - 1. In particular (e*" - l)'^ < e'''" - 1 
for all s and p > I. 

Proof. For all > 1 and t > 1 , we set 

<p(t)^t" -l-(t-l)P. 

Since the derivative of (p satisfies 

^ip(t) = pf-^ - pit - ly-^ > 0, Vf > 1, 

dt 

thus (f{t) > for all f > 1 and the lemma follows immediately. □ 

Proof of Theorem 1.1: For any a > and u e W^'^iMf"), we have by using the Holder inequality 
and Lemma 2.1 



< 



< 



f ie""' - l)dx + cl f (e"""' - l)dx] ' (2.9) 



for some constant C depending only on q and /?, where <7 > 1 is a real number such that Pq < A 
and 1/^=1. This together with (11.121 1 implies dl.lOb . 

Assume a < 32n'^{\ -/3/4) and m G W^'^(R^) satisfies 



f 



(\Au\^ + t|Vm|^ + cru^^dx < 1. 

Coming back to i2.9\ . since /Sq < 4- and 1//? + 1/^=1, one has 

,l-/?/4 



ap < 327r 



We can further choose q sufficiently close to 4//3 such that ap < iln^. Hence ( 11.111 ) follows 
from (12.9b and ( 11.13b immediately. □ 



3. Partial differential equations related to Adams type inequality in 

In this section, we will use the mountain-pass theory to discuss the existence of solutions to 
the problem ( 11.14b . Precisely we will prove Theorems 1.3-1.6. Firstly we construct the func- 
tional framework corresponding to (11.14b . Secondly we analyze the geometry of the functional. 
Thirdly we use the mountain-pass theory to prove Theorem 1.3 and Theorem 1.4. Finally we 
use compactness analysis to prove Theorem 1.5 and Theorem 1.6. Throughout this section we 
assume that / : M"* x M — > K is a continuous function. 



3.1. The functional 



Now we use the notations of Section 1. For u e W^'^iW^), we define a functional 

IT/, 2 2\ c r 

J^{u) — — I (|Am| -H a(x)|VM| + b(x)u )dx— ( — dx — e I hudx, 

2 Jm4 ^ ' Jr4 \x\P Jj{4 

where h e E*, the dual space of E (see ( 11.151 )). When e = 0, we write 

1 r / T T T\ r F(x,u) 

J{u)^- [\Au\^ + a{x)\Vu\^ + b(x)u^]dx- „ dx. 

2 Jr*^ ' Jr4 IxI^' 

Here F{x, s) - f{x, s)ds. Since we assume f{x, s), a{x), b(x) are all continuous functions and 
(Ai), (A2), (Hi) hold, it foUows from Theorem 1.1 that or J is well defined and 

J„JeC\E,«). (3.1) 

Let us explain how to show ( 13.1b . It suffices to show that if uj — > Moo in E, then J^iuj) Jduco) 
and J'^iuj) J'^(uoo) in E* as j — > 00. We point out a crucial fact: for all q > I, £ is embedded 
in L'(R^) compactly and postpone its proof to Lemma 3.6 below. By (Hi), 

\F(x, uj)\ < biu] + bilujr' - 1) . (3.2) 
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Firstly, since \\uj\\E is bounded and E "—^ L'^(R'^) is compact for all > 1, we may assume 
Uj — > Moo in L''(R*) for all ^ > 1. An easy computation gives 

lim ( — irdx- \ — for all q>\. (3.3) 



J 

Nextly we claim that 

|m/+' (e"""? - l) r |Meo|''+' (e"°"» - l) 



r \uj\' \e ^ - ii r 

lim '-dx = 



For this purpose, we define a function : K.'* x [0, oo) — > M by 



dx. (3.4) 



(^(X, i) 



By the mean value theorem 

\ip(x, \Uj\) - ip(x, IMooDI < \dip/ds(^)\\Uj - Uoo\ 

\Uj - Wool 

< {^^{\ui\) + l^(\u^\)y-\—-, (3.5) 

\x\P 

where f lies between \ujix)\ and |moo(ji;)|, tj : [0, oo) — > R is a function defined by 

T^{s) = ((r + l)s^ + 2q'o*''^^) [e""'' - l) + 2q'o*''^^ 

Using Lemma 2. 1 and the inequalities (a + ii)^ < 2a^ + 2i>^, ai> - 1 < + where a,b>Q, 
- + - = 1 , we have 

p r 

f (e"'>"'-l)''dx < f (e^"»i("j-"^y-^2aocui _-^\^^ 

Recalling that ^Uj - MooHe — » as /' — > oo and applying Theorem 1.2, we can see that 

sup f (e"""? - l)'' t/jc < CO, > 1. 
j Jr^ 

This together with the compact embedding E ^ L*(R^) for all ^ > 1 implies that ri(\uj\) + 77(|moo|) 
is bounded in L'^(K.*) for all <7 > 1 . By ( 13.31 ) and ( 13.5b . the Holder inequality leads to 



lim I \ifi{x, \uj\) - ifi{x, \ux\)\dx - 0. 



Hence ( 13.41 ) holds. In view of ( 13.21 ). we obtain by using ( 13.3b . (13.4b and the generaUzed Lebesgue's 
dominated theorem 



lim f 

>^°° JR' 



F(x,uj) r F(x,u^)^ 
-ax — I — ax. 



Jr^ \xf 

Therefore Jduj) — > JAuoo) as j — > oo. In a similar way we can prove J'^iuj) — > J'^iuac) in E* as 
j ^ oo. Hence ( 13.11 ) holds. 

It is easy to see that the critical point of is a weak solution to ( 11.141 ) and the critical point 
M of y is a weak solution to ( 11.201 ). Thus, to find weak solutions to ( 11.141 ) or (11.20b . it suffices to 
find critical points of 7^ or J in the function space E. 
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3.2. The geometry of the functional 



In this subsection, we describe the geometry of the functional J^. 

Lemma 3.1. Assume that (H2) and (H^) are satisfied. Then J^{tu) — > -00 as t ^ +00, for all 
compactly supported u G ly^'^(K^) \ {0}. 

Proof. Assume u is supported in a bounded domain Q.. Since f(x, s) is continuous, in view of 
(H2), there exists constants ci, C2 > such that F(x, s) > ci\s\'' - C2 for all (x, s) G Q x R. It then 
follows that 

r / 2 2 2\ r r 

JJtu) — — I (|Am| + fl(x)|VM| + b(x)u )dx— ( — dx-et \ hudx 

2 Jn^ ' Jn \xr Jn 

< - {\Au\^ + a{x)\Vu\^ + b(x)u^]dx-cif -^dx + 0(t). 
2 Jn ^ ' Jn \xr 

Then the lemma holds since fi> 2. □ 



Lemma 3.2. Assume that (Ai), (Hi) and (H4) hold. Then there exists ei > such that for any e : 
< e < 6], there exist > 0, i^^ > such that Je(u) > &efor all u with \\u\\e — r^. Furthermore 
can be chosen such that — > a5 e — > 0. When e — Q, there exist r^ > 0, such that if r < ro, 
then there exists 1? > depending only on r such that J(u) > §for all u with \\u\\e — r. 

Proof. By (i/4), there exist t, 5 > such that if \s\ < 6, then 

\F{x,s)\<^^\s\' 
for all X G M^. By {Hy), there holds for |i| > 6 

\F(x, s)\ < " {^if + htHe""'' - 1)} dt 

< ^s^ + b2\sr\e''»'" -1) 

< C\s\He""'' - 1) 

for any q > y + I > 2, where C is a constant depending only on bi, b2, q and 6. Combining the 
above two inequalities, we obtain for all i G R 

\F(x, s)\ < + Cme"o-'' - 1). (3.6) 

Recall that \\u\\e and Aj} are defined by ( 11.16b and ( 11.17b respectively. It follows from ( 13.6b that 

1 2 r F{x,u) r 
Jeiu) = ^ll"ll£- I ,0 dx-e hudx 

2 Jr4 \xf Jth* 



r gQ-o«- _ 1 r 
Me-C ——H'dx-e 

Jr4 W Jr" 



^ ^M\e--^ — M\i-C I —Tr-\u\'Jdx-e I hudx 
2 2/lfi 



To r e"""' - 1 
T7-Il«ll|-C \u\^dx-e\\h\\E4u\\E, (3.7) 

2/l/j Jk4 \xf 
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where 



= sup 



1/ 



hifidx 



Using the Holder inequality, Lemma 2.1 and the continuous embedding E 



), we have 



f e»o«' _ 1 ( r 

——\urdx < 



-ax 



< C 



l/r' 



r l«l 



rdx 



Mr 



\xf'-' 



-dx 



(3.8) 



where l/r + l/r' = 1, <ySr ' < 4 and C is a constant such that ||m||z,?-^(r4) < C'^''||m||£. Here and 
in the sequel we often denote various constants by the same C. By (Ai), 



I (|AMp + ao|VMp + /7oM^)t^-x< I|m|||- 
Jr^ ^ ' 



Theorem 1 . 1 implies that if 



then 



167r2 



1 - 



fir' 



(3.9) 



4 ' 



-t/x < C 

for some constant C depending only on ffo, fi and r '. This together with 

Wdx < C\\u\\l, 



gives 



(3.10) 



r \xf 

provided that u satisfies ( 13.91 ). Hence, assuming ( 13. 9t . we obtain by combining ( 13.71 1 and ( 13.10b 



^.(«)>II«I|£|^IN|£-C||m||£ 



Since r > 0, there holds for sufficiently small r > 0, 



(3.11) 



— r-Cr"-' > — r. 



If /z ^ 0, for sufficiently small e > 0, we may take r^ and such that 

This implies J^{u) > d^^ for all u with ||m||£ = r^ and r^ — » as e — » 0. If e = 0, ( 13.111 ) implies 



^(«)>ll«ll£|:;^INl£-C|K-' 



Hence there exists some ro > such that if r < ro, then J{u) > for all u with ||m||£ = r. □ 
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Lemma 3.3. Assume h f 0, (Ai) and (H\) hold. Then there exist t > and v e E with \\v\\e — 1 
such that Jc(tv) < for all t: < t < t. Particularly inf||u||j;<^ J^iu) < 0. 

Proof. For any fixed h e E*, one can view has a linear functional defined on E by 

Xhudx, Vm e E. 
By (A i), £ is a Hilbert space under the inner product 

{u, v) - I (AmAv + a(x)VMVv + bix)uv) dx. 

Je" 

By the Riesz representation theorem, 

A^M - div(fl(x)VM) + b(x)u - eh in R"* 
has a unique weak solution u e E. U h f 0, then for any fixed e > 0, we have m ^ and 

e I hudx — \\u\\^ > 0. 



A simple calculation shows 
d 



d 2 r f (■"■■> 

—Jc(tu) — t\\u\\^— I ■ — ^—^ — udx-e I hudx. (3.12) 



By {Hi), we have 

r < /,iifi r ^^dx+b^w r 

< ^iiMiii+fe2ifr , iMr^of^. (3.13) 

Jr* \xr 

Using the same argument we prove (13.101 1. there exists some f o > such that if \t\ < to, then 

X ffo'-«- _ 1 
4 \xf 

for some constant C depending only on to, ao and /3. It then follows from ( 13.131 1 that 

1™ 



f(x,tu) 

-udx — 0. 



This together with (13.121 1 implies that there exists some 6 > such that 

d 

—Je(tu) < 0, 
dt 

provided that < t <6. Notice that 7^(0) - 0, we have J^(tu) < for all < f < 5. □ 
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3.3. Min-max level 



In this subsection, we estimate the min-max level of or J. To do this, we define a sequence 
of functions ^„ by 



xY-+ ' for |x|<l/n 



log ^ for 1/n < |x| < 1, 



4(x) for |x| > 1 



where ^„ e C,7(B2(0)), 4 |aB,(0)= lflB2(0)= 0, ^ bB,(0)= , \, , ^ laB2(0)= 0, and |V^„|, 

V 8;r'^ log n 



A^„ are all 0(1/ Viogw). One can check that <^„ g Wq IBiCO)) c W^'^CR^). Straightforward 
calculations show that 

Unfi = 0(1 /log n), ||V^„||^ = 0(1 /log n), ||A^„||2 = 1 + 0(1 /log n) 

and thus 

IW| = 1+0(1 /log n). 

Set 

Ux) = ^ 
SO that 1 1 0„ I Is = 1. It is not difiicult to see that 

0^(x) > + 0(1) for \x\<l/n. (3.14) 
Lemma 3.4. Assume (H2) and (i/3). There exists a sufficiently large vq > such that if 

Uminf sfix, i)e"""*^ > vq 

uniformly with respect to x€ W^, then there exists some n e N such that 



max 

t>0 



/f2 r F(x,tcf>„) ^ \ I6n^ I p\ 



Proof. Suppose by contradiction that for any large v > 

Uminf 5/(x, 5)6""°*' > v (3.15) 

uniformly with respect to x e M"*, but for all n > 2 



max 

f>0 



(^-r^.x).l^(l-f). (3.16) 

\2 Jr4 \xf ) ao \ 4) 

By (Hi), we have F{x, tcpn) > and f(x, tcpn) > when t(f>„ix) > 0. In addition, F(x, t<p„) > 
for all X e M'*. Furthermore, by (i/3), there exists some constants C\, Rq and Mq such that 
F(s) > Cie'"^o for s > Rq. Hence we have 

r F(xj^ r e^ 
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For each fixed n, one can choose sufficiently large r„ such that if f > r„, then f^,, > Rq on Br„(0). 
Thus for t > T„ we have 



r e"^"i^o P r (f>l f3 n ^3 

^dx> -^dx> -^dx. (3.18) 

Jr0„>«o 1^1^ 6M^ J,^„>R„ \x\P 6Ml J|,|<,/„ \x\P 

Combining ( 13.171 ) and ( 13.181 ) we have 

'2 r F(x,t4>„) 



dx\^-oo. (3.19) 



\xf 

Since F(x, 0) = 0, it follows from ( 13.16b and ( |3.19t that there exists t„ > such that 

— - — dx-msLX\ — - — — — dx\. (3.20) 



Clearly there holds at f = t„ 

F(x, t(p„) 



dx\ = 0. 



Hence 



d r F(x,t(p 

Jt\2~ Jr4 \x^ 

2 C t„4>nf{x, t„(p„) 

^ L 



Now we prove that {f„) is bounded. Suppose not. By ( 13.141 ). ( 13.15b . ( 13.161 ) and ( 13.201) . there 
holds for sufficiently large n 



tl>- { 

" 2 J|d<i/„ 



.j;,> l^__e-oqi^+'^(''j, (3.21) 



where co^ is the area of the unit sphere in R . It follows that 

1 > " ao>;(^+o(l))+/j-4-^lQg>„ 
"24-yS 

Letting n — » oo, we get a contradiction because the term on the right hand tends to +oo. 

Next we prove that ^ 2221 _ as n oo. By (H2), F(x, f„0„) > 0. It then follows 
from (ITT6] ) and (l3?2Qt that 

2 327r2 / ^ 



(1-^). (3.22) 



ao 

Suppose that lim„^oo > (l ~ f )■ By ( 13.21b and {f„) is bounded we get a contradiction. 

Thus we have — > ^221 n _ ^ ) as « — > 00. 

By ( 13.15b . there exists some io > such that sf(s)e^"'>''' > v/2 for all s > iQ. Since ( 13.21b 
holds for sufficiently large n, we have by combining (13.21b and (13.22b that 

y < Lty»«'io(i)^ 

(1)2 

Letting n — > 00, we get v < C for some constant C depending only on cq. This contradicts the 
arbitrary of v and completes the proof of the lemma. □ 
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3.4. Palais-Smale sequence 



In this subsection, we want to show that the weak limit of a Palais-Smale sequence for 
is a weak solution of (11.14b . To this end, we need the following convergence result, which is a 
generalization of Lemma 2. 1 in 1 14] and Lemma 3.7 in fvf\. 

Lemma 3.5. Let f : xM— >R(A^> I) be a measurable function. Assume for any 77 > 0, there 
exists some constant c depending only on rf such that \f(x, s)\ < c\s\for all {x, s) G M'^ X [-rj, rj\. 
Let : ^ be a nonnegative measurable function, (u„) be a sequence of functions with 

u„ — > u in K."^ almost everywhere, <pUn — > <pu strongly in L' (R'^), u) e L' (M.^) and 



r 



4>\f{x, u„)u„\dx < C (3.23) 

for all n. Then, up to a subsequence, we have (f>f(x, u„) (pf{x, u) strongly in L' (M.^). 
Proof Since u, 4>f(x,u) e L\R^\ we have 



lim I (p\f(x, u)\dx - 0. 



Let C be the constant in (13.23b . Given any e > 0, one can select some M > C/e such that 

cf>\f(x,u)\dx<e. (3.24) 



/ 



l\u\>M 

It follows from (IT23l l that 

1 <P\f(x, u„)\dx < — f (f)\f(x,u„)u„\dx < e. (3.25) 

J\u„\>M ™ J\u„\>M 

For all X e {x e R^ : \u„\ < M}, by our assumption, there exists a constant Ci depending only 
on M such that |/(x, u„{x))\ < Ci\u„(x)\. Notice that <pu„ — > (pu strongly in L'(M^) and u„ ^ u 
almost everywhere in R'^. By a generalized Lebesgue's dominated convergence theorem, up to 
a subsequence we obtain 

lim I if>\f(x,u„)\dx - I (f)\f(x,u)\dx. (3.26) 

«^'"J|i,„|<M J\u\<M 

Combining (13.24b . (13.25b and ( 13.26b . we can find some K > such that when n > K, 



I (l>\f(x,u„)\dx- I 



4>\f(x, u)\dx 



< 3e. 



Hence \\4>f{x,Un)\\jj(^N-^ — > \\4>f{x,uy\\]j(^N^ as n — > 00. Since (pUn — > (pu in R'^ almost every- 
where, we get the desired result. □ 

Lemma 3.6. Assume (Ai) and (A2). Then we have the compact embedding 

£<-^L«(R'*) for all q>\. 
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Proof. By (Ai), the Sobolev embedding theorem implies the following continuous embedding 

E ^ W^-^(R*) ^ LHR*) for all 2<q<oo. 
It follows from the Holder inequality and (A2) that 

r \u\dx <i f -r^dx] i f b(x)u^dx\ <i f 77— c/jcj ||m||£. 
Jr4 \Jr* b{x) j \Jr4 ; \Jr4 b{x) j 

For any y : \ < y < 2, there holds 



f Wdx < f (\u\ + u^)dx < ( r TTT^-^] + r-llwll|. 



where bo is given by (Ai). Thus we get continuous embedding E ^ U'{M. ) for all > 1. 

To prove that the above embedding is also compact, take a sequence of functions {uk) c E 
such that \\uk\\E < C for all k, we must prove that up to a subsequence there exists some u e E 
such that uit convergent to u strongly in L*(R'*) for all ^ > 1. Without loss of generality, up to a 
subsequence, we may assume 

Uk ^ u weakly in E 

Uk^u sti-ongly in L^JM.^), Vq > 1 (3.27) 
Uk ^ u almost everywhere in M'*. 

In view of (A2), for any e > 0, there exists R > Q such that 

1/2 

—dx\ < e. 



if idx] 
\X\>Rb j 



Hence 

,1/2 / ^ \l/2 



r |Mi - u\dx < ( r T'^^] f r ^l^* ~ u\dx\ < eWuk - u\\e < Ce. (3 



28) 



On the other hand, it follows from (13.27) that u^ ^ u strongly in L'(]Br). This together with 
(I338l l gives 

hmsup I \uk - u\dx < Ce. 



Since e is arbitrary, we obtain 



lim I \uii - u\dx - 0. 



f 

For q > 1, it follows from the continuous embedding E ^ L^M^) (s > 1) that 

X\uk-u\''dx - I \uk - u\^\uk — ul^^'^^^dx 

< I \uk — u\dx\ I \uk — u^'^^^ dx\ 

\jRt / \Jr4 

/ r 

< C I \uii — u\dx I — > 
\Jb-> 
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as ^ ^ oo. This concludes the lemma. 



□ 



Lemma 3.7. Assume that (Ai), (A2), {H\), (H2) and (i/3) are satisfied. Let (m„) c E be an 
arbitrary Palais-Smale sequence of J^, i.e., 

Jeiu„) — » c, J'^iu„) ^ in £■* as n ^ 00. (3.29) 

Then there exist a subsequence of{u„) (still denoted by (u„)) and u e E such that u„ ^ u weakly 
in E, M„ — > u strongly in U{W^)for all q > I, and 

I ^^^sti-onglyinL>(K4) 
Furthermore u is a weak solution of U.Mt . 

Proof. Assume (m„) is a Palais-Smale sequence of J^. By ( 13.291 ), we have 

— I (|Am„| +fl|VM„| +bUiAdx— I — dx—e ( hu„dx ^ c eis n ^ 00, (3.30) 

2 Jr4 ^ ^ Je4 \x\P Jr4 



Xf f(x, u„) f 
(Au„Ai// + aVu„Vip + bu„tff)dx — [ — — ^ — i//dx — e I hi^dx, 
* Jm \xf Jr4 



<T„\mE (3.31) 



for all i// e E, where t„ — > as « — > 00. By (H2), < fJ.F(x, u„) < u„f(x, u„) for some ji > 2. 
Taking tfr - u„in (13.31b and multiplying ( 13.301 ) by fi, we have 

1,2 ^ ||2 r /^^(JC, M„) - fix, U„)U„ 

< fj.\c\ + T„\\Un\\E + (yU + l)e||/z||£.||"«ll£ 

Therefore ||m„||£ is bounded. It then follows from (13.301 ). (13.31b that 

F(x, u„) 



Jk4 \x\P Jr4 



-dx < C. 



Notice that f(x,Un)u„ > and F{x,u„) > 0. By Lemma 3.6, up to a subsequence, u„ — > u 
strongly in L'?(M4) for some u & E,'iq > 1. Then we obtain by applying Lemma 3.5 (here N - A 

and = \x\-P), 

\f{x, Un)- fix, U)\ 



lim r 



dx = 0. (3.32) 



By {H\) and (7/3), there exist constants c\,C2 > such that 

F(x, u„) < ciuj, + C2\f(x, M„)|. 

In view of ( 13.32b and Lemma 3.6, it follows from the generalized Lebesgue's dominated conver- 
gence theorem 

\F(x, u„) — F(x, u)\ 



lim f 

Jb4 



Finally passing to the limit n — > 00 in (13.31b , we have 



-dx = 0. 



r r f(x,u) r 

I (AuAip + aVuVip + buip) dx — I — —: — i//dx — e I hi//dx — 

Jr4 Jr4 \xf Jr4 

for aU i/r e Cq(M.*), which is dense in E. Hence m is a weak solution of (11.14b . □ 



'0 
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3.5. Nontrivial solution 



In this subsection, we will prove Theorem 1.3. It suffices to prove that the functional J has a 
nontrivial critical point in the function space E. 

Proof of Theorem 1.3. Notice that becomes / when e = 0. By Lemma 3.1 and Lemma 3.2, J 
satisfies all the hypothesis of the mountain-pass theorem except for the Palais-Smale condition: 
J e C\E,«}; J(0) = 0; J(u) > 6 >0 when ||m||£ = r; J(e) < for some e e E with ||e||£ > r. 
Then using the mountain-pass theorem without the Palais-Smale condition ||30|] . we can find a 
sequence (u„) of E such that 

J(u„) —^c>Q, J'(u„) ^ in E*, 



where 



c = min max J(u) > 6 

yer Ltey 



is the mountain-pass level of J, where F = {y e C([0, l],E) : y(0) = 0, - e). This is 
equivalent to saying 

F{x, u„) 



]- { {\Au„\^ + a\Vu„\^ +buf\dx- f 
2 Jr4 ^ ' Jm* \xf 

Xf fix, u„) 

(Au„Atff + flVM„Vi^ + bu„>J/)dx — ( ■ — 
4 \xr 



c as n 



t//dx 



< T„ 



(3.33) 
(3.34) 



for ip ^ E, where t„ — » as n — > oo. By Lemma 3.7 with e = 0, up to a subsequence, there holds 

' u„ ^ u weakly in E 
u„ ^ u strongly in Li(W^), > 1 

F(x,u„) _ r F(x,u) , 



lim f ^^dx- r 



-dx 



(3.35) 



\xf ~ JK* |Af 

M is a weak solution of ( IL20l i. 
Now suppose M = 0. Since F{x, 0) = for all x e M.*, it follows from ( |333] | and (|335] | that 



lim ||m„|| 



2c > 0. 



(3.36) 



Thanks to the hypothesis {H4), we have < c < 167r /ao by applying Lemma 3.4. Thus there 
exists some eo > and N > such that ||m„||| < 32n^/a^) - eo for all n > N. Choose ^ > 1 
sufficiently close to 1 such that ^aollMnlll ^ 32;7r^ - Q'oeb/2 for all n > N. By (Hi), 

\f(x,u„)u„\ < blul + b2\u„\'^'' [e'"'"' - 1). 
It follows from the Holder inequality. Lemma 2. 1 and Theorem 1 . 1 that 
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■dx 



as n 



Here we also used (13.35b (precisely u„ u in U{M.^) for all s > 1) in the last step of the above 
estimates. Inserting this into (13.34b with if/ - u„,we have 

I|m«I|£ — > as « — > oo, 

which contradicts (13.36b . Therefore m ^ and we obtain a nontrivial weak solution of ( 11.20b . □ 



3.6. Proof of Theorem 1.4 

The proof of Theorem 1.4 is similar to the first part of that of Theorem 1.3. By Theorem 1.1, 
Lemma 3.1 and Lemma 3.2, there exists ei > such that when < e < £[, satisfies all the 
hypothesis of the mountain-pass theorem except for the Palais-Smale condition: 7^ e C^iE, R); 
7f(0) = 0; Je{u) >&^>Q when \\u\\e = r^; Jde) < for some e e £ with ||e||£ > r^. Then using 
the mountain-pass theorem without the Palais-Smale condition, we can find a sequence (m„) of E 
such that 

Jeiun) — » c > 0, J'^(Un) — > in £■*, 

where 

c - min max J^iu) > §^ 

is the mountain-pass level of Z^, where F - {j e C([0, l],E) : 7(0) = 0, y(l) - e}. By Lemma 

3.7, there exists a subsequence of (m„) converges weakly to a solution of ( 11.14b in E. □ 

3. 7. A weak solution with negative energy 

In this subsection, we will prove Theorem 1 .5 by using the Ekeland's variational principle 



Il37[l . Let us first give two technical lemmas. 

Lemma 3.8. Assume (Ai) holds. If (u„) is a sequence in E such that 

lim||M„|||<— (l-^), (3.37) 

then (e"""" - l)/\xf is bounded in UiM.*) for some q > I. 
Proof. By (Ai), we have 

I (\Aunf + ao|VM„|^ + bou^J dx. 



WUnWl > 



Denote v„ - u„/\\u„\\e. Then 

I (|Av„|2 + flo|Vv„|2 + bovl)dx < 1. 
By Theorem 1.1, for any a < 32;r2(i _^/4), < j6 < 4, there holds 



/ 

Jw 



^^^—^dx < C(a,/5). (3.38) 
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By ( 13.37b . one can choose q > 1 sufficiently close to 1 such that 

lim aoqlKWl < 1,1t?(\ -fiqlA). (3.39) 

Combining Lemma 2. 1, ( 13.38b and (13.39b . we obtain 

X{e"o"l - If r gffo?ll«»ll|i'; _ Y 
--^ dx < I —T, dx < C 

for some constant C. Thus (e«°"" - \)l\xf is bounded in L'''(M'*). □ 

Lemma 3.9. Assume (Ai), (A2), (//i) are satisfied and (u„) is a Palais-Smale sequence for at 
any level with 

liminf|K|||< ^(1-^]. (3.40) 
Then (u„) has a subsequence converging strongly to a solution of il.Mll . 

Proof. By ( 13.401 ). up to a subsequence, (u„) is bounded in E. In view of Lemma 3.6, without loss 
of generality we can assume 

u„ U() weakly in E 

Un UQ strongly in Li{R*), ^q > 1 (3.41) 
M« Mo almost everywhere in M.^. 
Since (m„) is a Palais-Smale sequence for J^, we have J'Jjin) — > in £*, particularly 

X(Am„A(m„ - Mo) + aVUn^iUn — Mq) + bu„(u„ — U()))dx 

r fix, u„)(u„ - up) r 

- \ dx - e I h(Un - U())dx — > (3.42) 

Jk4 \xr Jr4 



Jr4 



as n — > 00. In view of ( 13.411 ). we have 

{/S.uq/^{u„ - uq) + aVu{)V{Un - uq) + buoiun - U()))dx ^ Q as « — > 00. (3.43) 
Subtracting (13.43b from (13.42b . we obtain 

2 C f(X' U„)(u„ — Mo) f 

\\un-uo\\E- r-^ dx + e h(u„ - uo)dx + o{l). (3.44) 

Jr-I \xf Jr4 



In view of (Hi) and ( 13.40b . one can see from Lemma 3.8 that f(x, u„) is bounded in L''(]R^) for 
some q> \ sufficiently close to 1 . It then follows from (13.41b and the Holder inequality that 



r f(x, u„)(u„ - Mo) ^ r . , 

( dx + e I «(m„ - Mo)flx — > 

Jm* \xf Jr4 



as n — > 00. Inserting this into ( 13.44b . we conclude u„ — > mo strongly in E. Since J, € C'(£,IR), 
Mo is a weak solution of ( 11.14b . □ 
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Proof of Theorem 1.5. Let r^: be as in Lemma 3.2, namely J^iu) > for all u : \\u\\e - r^ with 
— > as e — > 0. One can choose 62 : < 62 < ei such that when < e < £2, 




(3.45) 



Lemma 3.8 together with (Hi) and (H2) implies that Je(u) > -C for all u e B,-^ - {u e E : 
\\u\\e ^ f<;}, where r^ is given by ( 13.451 ). On the other hand thanks to Lemma 3.3, there holds 
inf||u||ir<re Je{u) < 0. Since Br^ is a complete metric space with the metric given by the norm of 
E, convex and the functional is of class C' and bounded below on B,-^, thanks to the Ekeland's 
variational principle, there exists some sequence (u„) c Br^ such that 

Je(u„) Cq - inf Je{u), 

M\E<re 

and 

J'^{u„) — > in E* 

as « — > oo. Observing that ||m„||£ < r^, in view of ( 13.45b and Lemma 3.9, we conclude that there 
exists a subsequence of (m„) which converges to a solution mo of ( IL14b strongly in E. Therefore 

Je(uo) = Co < 0. □ 



3.8. Multiplicity results 

In this subsection, we will show that two solutions obtained in Theorem 1 .4 and Theorem 1 .5 
are distinct under some assumptions, i.e.. Theorem L6 holds. We need the following technical 
lemma: 

Lemma 3.10. Let (w„) be a sequence in E. Suppose ||w„||£ = 1 andw,, wq weakly in E. Then 
for any < p < , ./ ,,, 

sup I —7. dx < oo. (3.46) 

n Jr4 W 

Proof. Since w„ ^ wq weakly in E and ||w„||£ - 1, we have 

I (|A(w„ - wo)|^ + fl(x)|V(w„ - wo)l^ + b(x)(wn - wo)^) dx 
Jb" 

— 1 + ||wo||| - 2 I (Aw„Awo + a(ji:)Vw„Vwo + b{x)WnWii) dx 

^ 1 - llwolll as n ^ CO. (3.47) 

If Wo = 0, then ( 13.46b is a consequence of Theorem L L If wo ^ 0, using the Holder inequality. 
Lemma 2.1, Theorem 1.1 and the inequality 

ri - 1 < - (r^ - 1) + - (/ - 1), 

p. V 



\\Wn - Wolll 
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where r > 0, s > 0,ii > l,v> l,l/yu+l/v = l,we estimate 



* \x\'^ ~ Jr* 



-dx 



J n g32;r-(l-/J/4)9/7(l+e)(M.'„-Wo)2 _ j 

q Jr4 \x\f 



1' JR^ 



dx, (3.48) 



\xf 



where Ijq + Ijq' - 1. Assume Q < p < 1/(1 - ||wo|||). By ( 13.47b . we can choose q sufficiently 
close to 1 and e > sufficiently small such that 



qp{\ + e)\\w„ - wq\Ye < 1 

for large n. Recall that ||m||| > ^^{\ls.u\^ + aQ\^ + b()U^)dx. Applying Theorem 1.1, we conclude 
the lemma from ( 13.481 1. □ 



We remark that similar results were obtained in Il25ll for bi-Laplacian on bounded smooth 
domain Q c and in Iil7il for Laplacian on the whole R^. 

Proof of Theorem 1.6. According to Theorem 1.4 and Theorem 1.5, under the assumptions of 
Theorem 1.6, there exist sequences (v„) and (m„) in E such that as n — > oo, 

v„ ^ Mm weakly in £, 7j(v„) cm > 0, \{J'Svn),4')\ ^JiMWe (3.49) 
M„ -> Mo strongly in £, /^(m,,) -> cq < 0, K/^(m„), (^)| < r„||(^||£ (3.50) 

with y„ and t„ — > 0, both um and mq are nonzero weak solutions to (11.14) since h ^ Q and 
e > 0. Suppose um - uo- Then v„ mq weakly in E and thus 



JR* 



(Av„Amo + flVv„VMo + bv„uo)dx — » ||mo||| 



as « — > oo. Using the Holder inequality, we obtain 

limsup||v„||£ > IImoIIb > 0. 

On one hand, by Lemma 3.7, we have 

XF(x, v„) r F(x, Mq) 

I io dx^ ———dx as n -> oo. (3.51) 
4 \xr Jm.4 \x\p 

Here and in the sequel, we do not distinguish sequence and subsequence. On the other hand, it 
follows from Theorem 1.4 that ||v„||£ is bounded. In view of Lemma 3.6, it holds 

Xhv„dx — > I huodx. as « — > oo. (3.52) 
Inserting (13.511 1 and (I3.52l i into ( 13.491 1, we obtain 

1 2 r F(x, Mo) r 

tI|v„||£ = Cm + — — dx + £ huodx + o(l), (3.53) 

2 Jr4 \x\p Jk4 
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where o(l) ^ as n ^ oo. In the same way, one can derive 



1 2 

^IImkIIe = Co + 



r Hx^^^^^ r /jj^g^^ + (3 54) 

Jr-1 \xf Jk4 



Combining ( 13.531 1 and ( I3.54l i. we have 

l|v„||| - IImoIII = 2 (cm - CO + 0(1)) . (3.55) 
Now we need to estimate cm - cq. By Lemma 3.4, there holds for sufficiently small e > 0, 

/3) 



max J,{t(f>„) < 1 - 7 

/>() ao \ A I 



Since cm is the mountain-pass level of J^, we have 



Cm < 



■(-!)■ 



From the proof of Lemma 3.3, we know that cq — > as e — > (cq depends on e). Noting that 
Cm > and cq < 0, we obtain for sufficiently small e > 0, 



< Cm - Co < 



('-?) 



(3.56) 



Write 



Wo - 



Uo 



(||«olli+2(cM-co))'''' 
It follows from (13.55b and v„ uq weakly in E that w„ wq weakly in E. Notice that 



Jr4 \xf Je4 



By ( 13.55b and ( 13.56b . a straightforward calculation shows 



-dx. 



limffol|v„|||(l-||>vo|||)<32;r2(l-^) 



Whence Lemma 3.10 implies that e"°''" is bounded in L''{M.*) for some q > 1. By (Hi), 

|/(x,y„)|<fei|y„|+/72|v„r(c«°'"-l). 

Then the Holder inequality and the continuous embedding E ^ L''(R^) for all > 1 imply that 
fix, v„)/\xf is bounded in U" (R*) for some qi: 1 < qi < q. This together with Lemma 3.6 and 
the Holder inequality gives 



f 

Jr-i 



fix, V„)(V„ - Mo) 



1^^ 



/(•^, v«) 



where l/qi + 1/^'^ = 1. 



\x\P 
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\V„ - M0ll^<7',( 



0, 



(3.57) 



Taking (p = v„ - uq in ( 13.491 ). we have by using ( 13.57b and Lemma 3.6 that 



I (Av„A{v„ - Uq) + aVvnVivn- uo) + bv„(vn- uo))dx ^ 0. (3.58) 
However the fact v„ ^ uq weakly in E implies 

X(AmoA(v„ - Mo) + aVMoV(v,j - mq) + buoiv„ - mq)) dx — > 0. (3.59) 
Subtracting (|339] | from (l338T l. we have ||v„ - moII| ^ 0. Since e C^^, K), we have 

JeiVn) JAuo) = Co, 

which contradicts 7e(v„) ^ cm > cq. This completes the proof of Theorem 1.6. □ 
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